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Abstract

A new theoretical method combining analyser-based and propagation-based hard X-ray phase-contrast imaging is investigated.
Unlike the previous theoretical model of the combined imaging method constructed under the assumption of slow variation of the indi-
vidual transfer functions (large Fresnel numbers), a new model proposed in this paper uses the assumption of a weak scatterer (analogous
to the first Born approximation). Consequently, the results are not limited to the case of short propagation distances or low-resolution
imaging. An explicit expression for the combined transfer function is derived and analytical and numerical examples solving related

inverse imaging problems are presented.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Hard X-ray phase-contrast imaging is a powerful tool
for imaging the internal structure of thick optically opaque
objects [1]. Due to the penetrating power of high-energy
X-ray radiation it is possible to image many types of bio-
logical and other samples in their native state without sec-
tioning or staining. Full three-dimensional imaging can be
performed in this modality with the help of computed
tomography [2-8]. Compared to conventional absorption
imaging, phase-contrast imaging can often produce much
clearer images of samples consisting predominantly of light
chemical elements (e.g., biological samples) [1]. The im-
proved contrast is achieved because at high X-ray energies
the real part of the refractive index decrement (which is
responsible for phase contrast) of such samples is several
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orders of magnitude larger than its imaginary part (which
determines absorption contrast).

Two modes of hard X-ray phase contrast imaging,
namely propagation-based imaging (PBI) [9-11] and ana-
lyser-crystal based imaging (ABI) [12-15], have become
particularly popular using both synchrotron radiation
and laboratory X-ray sources. In PBI phase contrast is
formed as a result of free-space propagation of an X-ray
beam transmitted through a sample. The detector is placed
at a sufficient distance from the sample to allow the trans-
formation of transverse phase-shift variations (induced by
the transmission of the incident beam through the sample)
into intensity variations by means of Fresnel diffraction. In
ABI, the transformation of the phase shifts into intensity
variations in the detector plane is achieved by allowing
the transmitted beam to be diffracted by a near-perfect ana-
lyser crystal which plays the role of a one-dimensional Fou-
rier filter [16]. The two imaging methods have their relative
advantages and disadvantages. In particular, PBI is simpler
to implement and is sensitive to phase variations in any
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direction orthogonal to the optical axis, while ABI can pro-
duce stronger image contrast and better scatter rejection
but is sensitive to phase variations in one direction only.
A detailed quantitative comparison of PBI and ABI can
be found, for example, in [17].

Recently, it has been shown both theoretically [18] and
experimentally [19,20] that PBI and ABI can be merged
into a single imaging technique which combines some
advantages of the two methods. The theoretical model of
the combined PBI/ABI technique can also be used for bet-
ter understanding and quantitative analysis of certain con-
trast features in conventional ABI. Such features may
appear due to effects of free-space propagation inevitably
present in realistic experimental ABI set-ups due to finite
distances between the source, the sample and the detector.
The combined PBI/ABI optical transfer functions have to
be calculated also as a first step for enabling computed
tomography utilising this advanced contrast mechanism.
The latter problem requires solution of the inverse problem
of reconstruction of the object-plane complex amplitude
from one or more images collected at one or more sam-
ple-to-detector distances, angular positions or transverse
orientations of the analyser crystal and/or different energies
of the incident X-ray radiation. The well-known phase-
retrieval problem [21] can be viewed as a part of this more
general inverse problem.

The combined PBI/ABI contrast transfer functions have
been previously calculated and solutions to some practical
inverse problems have been obtained under the assump-
tions of slow variation of the separate PBI and ABI trans-
fer functions [18]. This assumption was shown to be
equivalent to the requirement for both the Fresnel and
the Takagi numbers [18] to be much larger than unity. This
condition allows one to linearize the corresponding diffrac-
tion integrals with respect to the phase, and thus obtain ex-
plicit analytical solutions to the direct and inverse imaging
problems. Another well-known case where the diffraction
integrals can be linearized is that of a “weak scatterer”,
which is used in particular to derive the first Born approx-
imation in a variety of scattering problems [22-24]. Results
obtained under this latter assumption are usually comple-
mentary to those that can be derived using the condition
of slow variation of transfer functions [25]. In particular,
while the ‘“‘slow variation” condition usually limits the
applicability of the corresponding results to the cases of
short propagation distances or low resolution imaging
[18], the “weak scatterer” condition does not impose any
limitations on the propagation distances or spatial resolu-
tion of images as long as both the absorption and phase
shifts introduced by the object into the transmitted beam
are sufficiently small. Under these assumptions it is often
possible to analyse the dependence of image contrast on
such factors as radiation wavelength, geometrical parame-
ters of the imaging layout, etc. [23]. In this paper we will
derive the linearized combined PBI/ABI transfer function
under the “weak scatterer” assumption and show both
theoretically and by numerical examples how certain direct

and inverse imaging problems can be solved using the ob-
tained formalism.

2. General formalism

We restrict our consideration to the case of a two-
dimensional linear shift-invariant (LSI) optical system,
i.e., a system whose response to an arbitrary input wave
E;n(x,y) is described completely by a point-spread function
(PSF) G(x,y). The output wave E,(x,y) is therefore a con-
volution of the input wave and the PSF,

Eout(xay) = G®Ein
//dx’ dy'G(,y)Ewn(x —x',y =), (1)

where the symbol ® denotes convolution.

In the following, we represent the amplitude of the input
wave as Ej,(x,y) = exp(—u(x,y) +i¢p(x,y)), where we have
introduced the real attenuation function p and phase shift
¢. It is convenient to decompose both u and ¢ into their
mean values and deviations from the means, i.e.,

u(x,y) = o+ Aulx,y) and ¢(x,y) = @ + Ap(x,y).

2.1. Weak object approximation

Let us assume that both functions, Au(x, y) and Ae(x, y),
in the input wave are small compared to unity. Then the
amplitude of the input wave can be represented in the fol-
lowing form:

Ein(xay) gEinU +AEin(xvy))a (2)
where Ej, =exp(—i+1i @) and AE(x,y) = —Au(x,y) +
1Ap(x, ).

Assuming that Eq. (2) is valid, Eq. (1) takes the follow-
ing form:

Eout(x;y) %Ein{t"_G@AEin}; (3)

where ¢ = [ [dx dyG(x,y) = [G](0,0) is the system ampli-
tude transmittance coefficient (ATC), and hereafter the
square brackets designate the Fourier transform. The cor-
responding intensity of the output wave is approximately
expressed as

Low(x,y) = Iin{T + 2Re(é ® AEi)}, (4)

where I, = |Ei|” = exp(—2f), T = ||* is the system trans-
mittance, G = r*G (superscript asterisk denotes the com-
plex conjugate) and we have neglected the term quadratic
with respect to AE;,. The Fourier transform of the intensity
is then written as follows:

Fou 1, 0) = Tn{T8()3(v) — 2((G][AK] + [G)[AG)},  (5)

where o(u) is the Dirac delta-function, superscript indices 1’
and ‘" denote the real and imaginary part, respectively, and
Eq. (5) holds for all points (u,v) in the reciprocal space. In
the following we will refer to [G'](u, v) and [G'](u, v) as the
amplitude transfer function (ATF) and phase transfer func-
tion (PTF), respectively.
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It is of practical interest to consider the case when the
LSI system consists of two cascaded LSI sub-systems. This
complex system describes a typical situation when a wave is
transmitted through two consecutive LSI optical systems.
Then the PSF G of the system is represented as a convolu-
tion of the sub-systems’ PSFs G| and G,, so that G =
G ® G,. As can be shown, the ATC ¢ of the system is sim-
ply a product of the sub-systems’ ATCs, ¢ = t¢,, and the
corresponding ATF and PTF of the system relate to those
of the sub-systems as follows:

r ~ T, =T ~i.r =i

[G.} = [GI]IG,] = GG, (6)
[G] = [G\)[G)] + [G)][G)-

It is worth mentioning one important consequence (corol-
lary) of the above expressions. To obtain this, we reorder
terms in Eq. (5) as follows:

[G']1Ak] + [G[Ag]

= {(G}][AW + G AW} G-

(7)

This equation shows that various direct and inverse imag-
ing algorithms designed for special categories of sample,
such as e.g., pure phase (non-absorbing) or homogeneous
(consisting of a single material) samples [26], cannot be
simply used in a sequential manner in order to solve the
corresponding problems for the combined system. This is
because, as Eq. (7) shows, the phase and absorption effects
are “mixed” at the first stage (by the first sub-system), so
the simplified models of the sample are no longer applica-
ble at the entrance into the second sub-system.

1Ag]}GY] +{[G)]1Ag) - [

2.2. PBI, ABI and combined ABI/PBI transfer functions

It is well known that free-space propagation and X-ray
diffraction in a perfect flat crystal present two examples of
LSI systems. The explicit expressions for the ATF and
PTF, corresponding to PBI (in the paraxial approximation)
and ABI, are as follows [23,24]:

~ I

ol (U U5 2,,2,) = cos(nA(z, + z,07)),

Gl om0 o

[Gppil (4, v; 2, 2,) = sin(nA(z,u” + z,07)),

[G;BI}(Z‘; w) = (1/2){r(w + 2u)r* (o) + (o — u)r(w)},

[Gapil (43 0) = (1/2){=r(w + Ju)r () + (0 — Ju) r(w)},
)

where z, and z, are the effective propagation distances for
transverse modulations in the x and y directions, respec-
tively (see Fig. 1 for the axis directions). In Eq. (9) r(w)
denotes the amplitude reflectance or transmittance coeffi-
cient of the crystal (either in Bragg or Laue geometry) as
a function of its angular deviation w from the exact Bragg
position. Note that transfer functions of the analyser crys-
tal in Eq. (9) depend only on u, the coordinate dual to x.

Fig. 1. Phase-contrast imaging setup used in the numerical simulations in
the case of a plane monochromatic incident wave.

Thus, we implicitly assumed that the plane of diffraction
of the analyser coincides with the plane x—.

We highlight one important feature of the imaging set-
up, combining both propagation and analyser-based phase
contrast. If the diffracted wave is used for image formation,
then, for an asymmetrical reflection, the change of spatial
frequencies u should be taken into account for any free
space propagation after the crystal. This is due to the fact
that for an asymmetrical reflection the width of the re-
flected beam is equal to that of the incident beam divided
by b, where b = y¢/|y,| is the asymmetry factor of the crystal
and 7y, and y,, are the directional cosines of the incident and
reflected beam, respectively. Asymmetry of the analyser
crystal can be easily taken into account by appropriate
choice of the effective propagation distances z, and z, in
Eq. (8). Designating by zoa and zap the object-to-analyser
and analyser-to-detector distances, respectively (see also
Fig. 1), we can write the corresponding transfer functions
in Eq. (6) as follows:

r

G E]( v) = [Gppy] (1, v;5"*20A + ZaD, Z0A + ZaD),

[ }] 0) = %BI](”vv§b7220A + zaD, ZoA + ZaAD), (10)
[ 2]( ) [ ABI}(b71”§w)7

(G)(t,0) = (G (b7 50).

We should emphasize that spatial frequencies # and v in
Eq. (10) correspond to the output (image) plane of the opti-
cal system.

Below we perform a quantitative analysis of the com-
bined transfer functions calculated according to Eqgs. (7)-
(10), in the context of both forward and inverse problems.
The moduli of the combined transfer functions, together
with those of the ABI transfer functions, are presented ver-
sus spatial frequency u in Fig. 2, for different values of the
deviation angle w of the analyser. The following parame-
ters were used for numerical calculations: plane incident
wave of energy 20 keV, symmetrical (11 1)-reflection of
the silicon analyser crystal, 2 m object-to-detector free-
space propagation distance. As follows from Figs. 2(a)
and (b), for the analyser crystal set into the exact Bragg po-
sition the phase transfer function of the crystal is very
small. As a result, the combined transfer functions are sim-
ply the corresponding transfer functions for free space
propagation modulated by the amplitude transfer function
of the analyser which acts as a low frequency filter in this
case. For nonzero analyser deviations, exceeding the half
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Fig. 2. Moduli of the combined phase (a,c,e) and amplitude (b,d,f) transfer functions (solid lines), together with those of the ABI amplitude (dashed
lines) and phase (dotted-dashed lines) transfer functions, for different values of the deviation angle w of the analyser crystal: w = 0" (a,b), = 1.5" (c,d)
and o = 2.5" (e,f). Plane monochromatic incident X-ray waves of 20 keV energy, symmetrical (11 1)-reflection of silicon analyser crystal and 2 m object-

to-detector distance were used in numerical calculations.

fer functions are of the same order of magnitude, and the
combined transfer functions have more complex forms
(see Figs. 2(c)—(f)). We should underline that unlike the

width at half maximum of the crystal rocking curve (1.35”
for symmetrical Si(111)-reflection of the o-polarised
X-rays at 20 keV), the crystal’s phase and amplitude trans-
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pure propagation transfer functions the combined transfer
functions have no zeroes except for a zero of the PTF at
u=0. Figs. 2(c)—(f) indicate that there is no loss of infor-
mation in the process of combined PB/AB imaging and
thus the inverse problem of amplitude/phase reconstruc-
tion can be solved potentially with high accuracy. The zero
value of the combined PTF at u = 0 indicates that informa-
tion about the mean phase shift is irretrievably lost in the
process of imaging and cannot be retrieved from the image
without additional information (for example, a priori
knowledge of the relationship between phase and ampli-
tude of the incident wave). It is also remarkable that the
maximum values of the combined transfer functions
decrease with the analyser deviation as the reflectivity of
the thick (semi-infinite) crystal monotonically decreases
with the deviation angle.

2.3. Remark

It was recently rediscovered [27] that Eq. (5) is valid in
PBI if a less stringent condition on the phase shift function,
due to Guigay [28], is fulfilled: |o(x,y) — @(x — Azu,
y — Azv)| <« 1 for all points (x,y) and (u,v) (see also [29]).
Similarly, in order that Eq. (5) be valid in the case of
ABI, the characteristic length scale of phase variations in
the input wave, along the surface of the analyser crystal,
should be much larger than the extinction length /., of
the analyser crystal (e.g., Ly = 15.4 um for symmetrical
Si(11 1)-reflection of c-polarised X-rays at 20 keV). Thus
our analysis given above, in Section 2.1, is applicable not
only to true weak objects but also to weakly absorbing ob-
Jects with slowly varying refractive index and projected
thickness.

3. Numerical results and discussion

Here, we apply results of the previous section to the
solution of forward and inverse problems in combined
PBI/ABI phase-contrast imaging, for two model objects.
Let such an object be illuminated by a plane monochro-
matic wave, exp(ikz), with ¢(x, y) = exp(—u(x,y) + ip(x, y))
being the object transmission function. The corresponding
imaging setup is schematically presented in Fig. 1 and con-
sists of a test object (O), analyser crystal (A) and detector
(D). In order to satisfy Eq. (5), the object attenuation func-
tion and phase have to satisfy conditions formulated in the
previous section, i.e., (1) deviations of the attenuation
u(x,y) function from its mean value should be small com-
pared to unity, and (2) variations of the phase ¢(x,y)
should be small on the length scale izu for PBI and of
the order of several extinction lengths for ABI.

3.1. Hybrid method: numerical simulations

Below we present the results of numerical simulations of
the phase-contrast imaging (forward problem) for two

homogeneous objects (for such homogeneous objects one
uxy)

has ooy) = —’g = constant [26], where 6 and f are the real
and mmaginary parts of the difference between the refractive
index n; of the material from which the object is composed
and the refractive index n, of the material of the surround-
ing medium of constant thickness for all points (x,y), i.e.,
ny—npy= -0+ lﬁ)

Object 1: two 3 mm diameter crossed polyethylene cylin-
ders in water (2048 x 2048 pixels, 4.39 um pixel size),
Pmax = 9.129 rad, pimax = —0.05471, 6/ =166.9.

Object 2: two 3 mm diameter crossed Perspex cylinders
in water (2048 x 2048 pixels, 4.39 um pixel size), @pnax =
—25.617 rad, pimax = —0.0189, 6/ = —1355.

The complex transmission function of the homogeneous
object is expressed as follows:

q(x,y) = exp(o(x,)(i+ B/9)). (11)

The reason for the above choice of test objects can be
clarified by analysing Table 1. The first three rows present
the values of linear phase shift and linear absorption coef-
ficient for polyethylene, Perspex and water (all are relative
to vacuum). Note the large values of the phase shift in
the case of the polyethylene and Perspex in vacuum.
For example, a 3 mm diameter polyethylene cylinder in
vacuum causes a maximum phase shift of —166 rad which
is more than 10 times larger than that for the same cylin-
der in water. Our calculations showed (see also Section
3.3) that the maximum values of |p(x) — ¢(x — Azu)| and
lp(x) — @(x — lxyo)| are about 6.6 and 7.5rad, respec-
tively. These values strongly violate the conditions
lp(x) — p(x — Azu)| <1 and  [p(x) — @(x — lexeyo)l < 1
(see Section 2.3) for validity of Eq. (5) in the case of
PBI and ABI, respectively. On the other hand, for poly-
ethylene and Perspex placed in water rather than in vac-
uum, the relative phase shift decreases significantly (see
last two rows in Table 1) so that conditions for validity
of Eq. (5) can be satisfied (see discussion below, in
Section 3.3).

Figs. 3 and 5 present, respectively, simulated images of
polyethylene and Perspex cylinders in water, obtained
using our hybrid method of propagation-based and ana-
lyser-based phase contrast imaging. The following param-
eters were used in the numerical simulations: X-ray
wavelength 2 =0.62 A (corresponding to 20 keV X-ray

Table 1

Optical constants of various materials used in numerical simulations of
images at X-ray energy 20 keV (values in the first three rows are referred to
vacuum)

Linear phase Linear absorption  §/8
shift (rad/mm)  coeff. (mm™")

Substance

Polyethylene, (CoH,),  —55.362 0.035625 3108
Perspex, (CsO,Hjg), —66.944 0.0595 2250
Water, H,O —58.405 0.0721 1620
Polyethylene in water 3.043 —0.036475 166.9
Perspex in water —8.539 —0.0126 —1355
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Fig. 3. Calculated images of polyethylene cylinders in water (object 1) at two deviation angles of the analyser crystal: w = 2.5” (a) and w = 1.5” (b); (c) and
(d) — the intensity cross-sections corresponding to the figures (a) and (b). Note that the intensity values are relative to the intensity of the incident plane
monochromatic X-ray wave. Plane monochromatic incident X-ray waves of 20 keV energy, symmetrical (11 1)-reflection of silicon analyser crystal and 2 m

object-to-detector distance were used in numerical calculations.

energy), object-to-image distance z =2 m, symmetrical
(111)-reflection of silicon analyser-crystal with FWHM =
2.7" at deviation angles w =2.5" (a) and 1.5” (b). In or-
der to simulate a real detector with finite resolution, the
calculated images were convolved with a Gaussian PSF
whose standard deviation was 10 pixels. Then, if neces-
sary, Poisson noise was generated in the resulting images.
We considered three cases: no noise (Figs. 3 and 5), 1%
and 10% Poisson noise (see also Table 2). The plane of
diffraction was perpendicular to the horizontal cylinder
(see also Fig. 1). Figs. 3(c),(d) and 5(c),(d) show intensity
cross-sections through the horizontal cylinder (44) and
through the vertical cylinder (BB). The cross-sections
AA reveal characteristic analyser-based contrast while
the cross-sections BB present pure propagation-based
contrast. We should note that without account of finite
resolution of the detector, Figs. 3 and 5 would look
differently. Indeed, there would be typical Fresnel oscil-

lations due to free space propagation as well as inter-
ference fringes due to diffraction in the analyser crystal.
In Figs. 3 and 5 presented here these oscillations disap-
peared due to convolution with the PSF of the detector.

3.2. Solution of the inverse problem

We now pass from the forward problem of determining
the image of a model object produced by a hybrid imaging
system which combines propagation-based and analyser-
based phase contrast, to the corresponding inverse problem
of determining information regarding a sample from one or
more hybrid phase-contrast images. The following formula
was used for the reconstruction of the phase shift induced
by the homogeneous object, based on a single hybrid
phase-contrast image (it follows directly from Eq. (5) and
definition of the homogeneous object):
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Table 2
Relative errors in the reconstructed phase (first two values for each combination of deviation angle and noise level) and the mean values of the
reconstructed phase (third and fourth values for each combination of deviation angle and noise level)

Sample No noise 1% Poisson noise 10% Poisson noise Maximum of |¢(x) — @(x — Azu)] Maximum of |@(x) — @(x — lextyo)|
Object 1
w=25"z=2m 4.22% (4.22%) 4.25% (4.25%) 7.16% (5.89%) 0.365 0.410
(@) =4.780 4.780 (4.786) 4.778 (4.786) 4.574 (4.789)
Object 1
w=15",2z=2m 5.86% (6.27%) 5.87% (6.29%) 6.89% (6.84%)
4.809 (4.897) 4.808 (4.897) 4.652 (4.901)
Object 2
w=25",2z=2m 6.77% (8.54%) 6.78% (8.59%) 12.07% (10.28%)  1.025 1.153
(@) = —13.413 —13.828 (—14.261) —13.813 (—14.262) —12.156 (-14.294)
Object 2

w=15,z=2m 36.12% (52.79%)  36.20% (52.80%)  44.00% (53.53%)
—9.001 (—20.438)  —8.989 (—20.439)  —7.825 (—20.483)

Numbers given in brackets correspond to the phase reconstructions based on the simple relation between average intensities of the input and output waves,
(Iin) = {Iou)/T. Numbers given without brackets have been obtained using the phase reconstruction procedure based on Eq. (13). Last two columns
present the quantitative assessment of the ‘smoothness’ of the phase for PBI and ABI, respectively (see Section 2.3 for detail). /oyyo = 1.524 pm,
AZUmax = 1.24 pm.

-1

where [ ] denotes inverse Fourier transform. Given the

ﬁ - 1 — ~r B ~i - . . . .
@ =—<logly + 3 [((Tow/Iin) — T]{ [G] 5 [G] , reconstructed phase shift function obtained using the

20 . .
above formula, the complex transmission function of

(12) the object can be reconstructed by using Eq. (11). Figs.

b

Phase, rad
Phase, rad

T T T

4000 -2000 0 2000 4000 4000 -2000 0 2000 4000

Transverse coordinate, llm Transverse coordinate, lim

Fig. 4. Reconstructed phase distributions corresponding to Fig. 3.
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Fig. 5. Calculated images of Perspex cylinders in water (object 2) at two deviation angles of the analyser crystal: = 2.5” (a) and w = 1.5" (b); (c) and (d) —
the intensity cross-sections corresponding to the figures (a) and (b). The intensity values are relative to the intensity of the incident plane monochromatic
X-ray wave. Plane monochromatic incident X-ray waves of 20 keV energy, symmetrical (11 1)-reflection of silicon analyser crystal and 2 m object-to-

detector distance were used in numerical calculations.

4(a),(b) and 6(a),(b) present reconstructed phase distribu-
tions corresponding to Figs. 3(a),(b) and 5(a),(b), respec-
tively. Figs. 4(c),(d) and 6(c),(d) show profiles of the
reconstructed phase distributions across the horizontal cyl-
inder (AA4) and across the vertical cylinder (BB) together
with the exact phase profiles used for image simulations.
We should note that Eq. (12) is valid only for homoge-
neous objects. Reconstruction algorithms for the case of
a general object (with independent phase and amplitude
spatial modulation of the incident wave) can be found in
[24] where the combined transfer functions, Eq. (6), should
now be used.

We should note at this stage that parameter I, in Eq.
(12), which is related to the mean value of the attenuation
function g via I;, = exp(—2p) (see definitions in Eq. (4)), is
not known a priori. It should be calculated from the mea-
sured image before applying the phase reconstruction
procedure (12). If conditions that have led us to Eq. (2)
are satisfied (for example, for a weak object) then [, coin-

cides with the average intensity (I,) of the input wave
(see Eq. (2)). According to Eq. (4) the latter is related
to the average intensity (/,,) of the output wave, via
(I1n) = (Iou)/ T, where T is the transmittance coefficient of
the system. Thus, I;, & (Ioy)/T. The approximate equality
sign underlines that this is true only for weak objects. It
was mentioned in Section 2.2 that the resulting Eq. (5)
and therefore Eq. (12) is also valid for an incident wave
with small transverse intensity variations and slowly vary-
ing phase. This means that condition |[Au| < 1 is satisfied
but the deviations of the phase from its mean value can
be large compared to unity. As a result, we still can assume
that 7;, = (I;,) but the relationship between (I;,) and (Zy)
is more complex than for a weak object and Ij, # (Iouw)/T.
In order to obtain this relationship, we use the following
relation between Fourier transforms of the amplitudes of
the input and output waves, [EyuJ(#,v) = [G](u, v)[ Einl(u, v),
which is the analogue of Eq. (1) written in Fourier space.
Using Parseval’s theorem we can write
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Fig. 6. Reconstructed phase distributions corresponding to Fig. 5.
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As a result, we have for the integral intensity of the input
wave

[ [ axay tuen
:T“//dxdylom(x,y)

—//Hmwmaw»Wﬂw4Hmmmwﬁ (13)

Thus, if the modulus of the imaging system’s propagator
is not a constant (for example, the propagator of an ana-
lyser crystal in contrast to the one for free-space propaga-
tion) and the incident wave has a wide range in Fourier
space (for example, for a non-weak object), then the
second term on the right-hand side of Eq. (13) should
be taken into account in order to correctly calculate the
average intensity of the incident wave. The evident diffi-
culty of using Eq. (13) is that the integral intensity of
the input wave depends not only on the integral intensity
of the output (measured) wave but also on the amplitude
of the incident wave itself. A possible solution to this
problem is that Egs. (12) and (13) can be used in an iter-
ative manner. First, the average intensity I;, of the input
wave may be calculated using Eq. (13), neglecting the sec-
ond term on its right-hand side. This value may then be
used for phase reconstruction via Eq. (12), with the recon-
structed phase then being used for refinement of the cur-
rent estimate for I;,. This process can be continued in an
iterative manner until both the reconstructed phase and
I;, converge.

We performed a reconstruction of the phase of the
object transmission function using Eq. (12). In order to
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quantitatively characterise the accuracy of the phase recon-
struction, errors were calculated according to the following
formula:

12
error — [Z(¢§C . QD?}(aCl)z Z(@?]?(act _ <¢exact>)2
iJ iy

(14)

Table 2 contains the reconstruction errors (first two val-
ues for each combination of deviation angle and noise le-
vel) as well as the mean values of the reconstructed phase
(third and fourth values for each combination of deviation
angle and noise level). Numbers given in brackets corre-
spond to the phase reconstructions based on the simple
relation between average intensities of the input and output
waves, (I,) = (Iou)/T. Numbers given without brackets
have been obtained using the phase reconstruction proce-
dure based on Eq. (13). Analysis of data in Table 2 shows
that application of Eq. (13) for calculation of the mean va-
lue of intensity of the input wave gives better results for
both the reconstruction accuracy and mean phase value
in the absence of noise and in the case of the small noise
level (second and third columns in Table 2, respectively).
However, in the case of the 10% noise level (fourth column)
this approach gives a less accurate reconstruction com-
pared to the approach based on the simple relation
(In) = (Iou)/T. The latter relation gives almost the same
value of the mean phase for each deviation angle for all
levels of noise presented here. This behaviour can be ex-
plained using the following analysis of the influence of
noise on the calculation of I, within each of these two
methods. In the simplest case, where (f;,) = (Iou)/T, the
influence of noise is weak as the average noise value over
the whole image is close to zero. In the second approach
based on Eq. (13), the mean intensity value of the input
wave is calculated not only via the average value of the out-
put wave intensity but also by using the complex amplitude
of the input wave. For noise-free images, the reconstructed
complex amplitude is free of noise. Noisy images result in
noisy reconstructed phase maps and thus noisy recon-
structed complex amplitude of the input wave. When the
spatial power spectrum of the noise is small compared to
that of the true input wave, as will be the case for a small
noise level, the influence of noise on the calculation of I;, is
negligible. However in the case of strong noise the power
spectrum of the noise is comparable with that of the true
signal and can be even larger for high spatial frequencies
(to which 7, calculated by using Eq. (13), is usually more
sensitive). Thus, large noise strongly affects the calculation
of the mean intensity of the input wave and, as a result, the
reconstruction accuracy of the phase of the input wave
worsens substantially. In order to overcome this difficulty,
a low-pass filter could be applied to the reconstructed com-
plex amplitude of the input wave before its use in Eq. (13)
for calculation of the mean intensity of the input wave.
This step, obviously, needs a priori knowledge of the spa-
tial spectrum of the input wave in order to avoid insuffi-

cient or, on the contrary, excessive damping of the
second term in Eq. (13). Analysis of this problem is beyond
the scope of this paper.

3.3. Validity limits

We now turn our attention to an assessment of the
validity conditions for Eq. (5). As follows from the
description of our test objects above, the condition
|Ap| < 1 (see Sections 2.1 and 2.3) is satisfied for both ob-
jects. On the other hand, neither can be treated as weak
objects as the maximum phase shifts of both objects are
larger than one. Thus, we should check the validity con-
ditions formulated in Section 2.3 (weakly absorbing object
with slowly varying refractive index). In order that Eq. (5)
be valid for free space propagation, the phase variations
in the object plane on the length scale Azu.,., have to
be small compared to unity (see Section 2.3). The value
of the maximum spatial frequency u;,,x was found from
the following considerations. It is worth mentioning that
the finite resolution of the detector was taken into ac-
count in our numerical simulations (see Section 3.1). A
Gaussian function with standard deviation of 10 pixels
(43.9 um) was used to simulate the PSF of the detector.
As a result, the spatial spectrum of the images was limited
t0 Upmax ~ 0.01 pm !, resulting in Azuy,x ~ 1.24 pm. Simi-
larly, for Eq. (5) to be valid in the case of analyser-based
imaging, the phase variations in the object plane should
be small on the length scale /.40 (see Section 2.3) which
is approximately 1.524 pm for the chosen symmetrical Si
(111)-reflection at wavelength 0.62 A. The values of the
maximum phase change corresponding to these two
length scales are presented in Table 2. The values 0.365
and 0.410 rad (for PB and AB imaging, respectively) for
object 1 are small enough to satisfy the validity conditions
of Eq. (5) for free space propagation and diffraction in the
analyser crystal. We should note, however, that in the
case of 1.5” deviation (which corresponds to the right
edge of the crystal rocking curve) the reconstruction accu-
racy is worse compared to the case of 2.5” deviation of
the analyser (the latter corresponds to the right tail of
the rocking curve). Comparison of the profiles presented
in Figs. 4(c) and (d) shows that the difference in recon-
struction of images collected at 1.5” and 2.5” is mainly
due to the inaccuracy in reconstruction of the ABI phase
contrast. The latter can be explained if we take into ac-
count the fact that in ABI, strictly speaking, the length
scale, on which the phase should vary slowly in order that
Eq. (5) be valid, depends on the deviation angle of the
analyser [18]. This length scale is at its maximum at the
edges of the rocking curve and decreases with angular
deviation from these positions. In the case of object 2,
the validity conditions for Eq. (5) are violated for both
PBI and ABI contrast. The reconstruction accuracy is
therefore much worse compared to that of object 1. How-
ever, as follows from the analysis of reconstructed phase
cross sections in Fig. 6, the quality of PBI reconstruction
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is very good. The origin of the large reconstruction error
is in the ABI phase contrast. Again, the error of recon-
struction is much worse in the case of 1.5” deviation of
the analyser while for 2.5” deviation the reconstruction
accuracy is quite satisfactory.

4. Partial coherence

So far we have assumed the input wave to be plane
monochromatic and thus completely coherent. In real
experiments the input wave is only partially coherent due
to the polychromaticity and finite size of the source. This
fact substantially complicates the calculation of intensity
of the output wave as all quantities in Eq. (5) depend
implicitly on the wavelength. Non-flatness of the input
wavefront should also be taken into account. The shape
of the latter is non-trivial and strongly depends on the
source characteristics and optical elements which are usu-
ally present in the imaging system before the object. We re-
strict ourselves to only qualitative consideration of the
coherence issues for the imaging setup presented schemati-
cally in Fig. 7 and consisting of a source (S), monochroma-
tor (M), test object (O), analyser (A) and detector (D). This
configuration is typical for analyser-based phase-contrast
imaging. We assume the source to be totally incoherent,
1.e., radiation from different points of the source does not
interfere and thus each point of the source forms an inde-
pendent image in the detector plane. Let S(x, o, 4) denote
the spectral density of the source and I,,(x,y;x¢, 0, 4) be
the intensity of the output wave produced by a monochro-
matic point source with wavelength A and coordinates
(x0, o) in the source plane. Then the intensity of the output
wave for a polychromatic finite source is written as follows:

Iout(xay) ://dx() dyo/d/‘{S(xmy()?)“)Iout(x7y;x07y01i)'
(15)
4.1. Effect of polychromaticity (temporal coherence)
In order to qualitatively characterise formation of an
image according to Eq. (15), we performed the following

numerical experiment. We used the experimental configu-
ration shown in Fig. 7 with the following parameters:

22
a =

Fig. 7. Phase-contrast imaging setup used in the numerical simulations in
the case of a point polychromatic X-ray source.

(a) Source: we considered a polychromatic point source
located at position (x(,0) in the source plane, the
energy spectrum of which was taken to be uniform
within the interval [Ag — AA/2, 4y + AA/2] and zero
outside, where Ay = 0.62 A.

(b) Monochromator: we considered a symmetrical (111)-
reflection for each of two semi-infinite silicon crystals
positioned at the exact Bragg angle corresponding to
the central wavelength 1.

(c) Object: we chose a water filled cylindrical hole of
radius r = 300 pm in a polyethylene block with paral-
lel surfaces; noting that for the chosen 4 the optical
properties of the object are @una.x = —1.826 rad,
Umax = 0.01096, §/8 = 166.9.

(d) Analyser: we considered a single symmetrical (111)-
reflection of a semi-infinite silicon crystal detuned at
an angle o = 1.5" from the exact Bragg position cor-
responding to the central wavelength Aq.

(e) Propagation distances: z; +z, =40m, z3 + z4, =2 m.

Fig. 8 shows calculated intensity profiles (in the direc-
tions orthogonal to the optical axis and parallel to the
plane of diffraction of monochromator and analyser crys-
tals) at the entrance plane of the object (a,b) and in the im-
age plane (c,d). Each plot contains two profiles
corresponding to different positions of the point source
with respect to the optical axis. Intensity profiles presented
in Figs. 8(a) and (c) were calculated for a monochromatic
source (A4 =0) while those in Figs. 8(b) and (d) corre-
spond to a polychromatic source (A}/2g = 1072).

Analysis of Fig. 8 allows us to make several important
conclusions regarding formation of the phase-contrast im-
age in the configuration presented in Fig. 7. First, due to
the high angular selectivity of the monochromator and
analyser crystals, only a small part of the spherical wave-
front from a point monochromatic source participates in
formation of the image (see Figs. 8(a) and (c)). As the crys-
tals have a strict relationship between the wavelength and
the Bragg angle, at different wavelengths, different parts
of the spherical wavefront give rise to the resultant image.
We note that the image profile shown in Fig. §(c) hardly
resembles the expected one of the cylindrical object. This
situation changes drastically if we calculate images formed
by a point polychromatic source. In this case the intensity
at the entrance plane of the object becomes uniform (see
Fig. 8(b)) and the resultant intensity distribution in the
detector plane (see Fig. 8(d)) is a familiar image of the cyl-
inder, similar to that calculated using a plane monochro-
matic incident wave. The qualitative explanation of this
behaviour is in the fact that intensity profiles, correspond-
ing to the same point source but different wavelengths, are
shifted along the x-axis with respect to each other. Integra-
tion of the image over the spectral density results in sum-
mation of all these profiles and, as a result, smearing of
the interference fringes seen in Figs. 8(a) and (b). Mean-
while, positions of the intensity modulations in the detector
plane, arising due to the object, are the same for all wave-
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Fig. 8. Intensity cross-sections obtained by the numerical simulations for the phase-contrast imaging setup presented in Fig. 7. (a) The entrance plane of
the object, monochromatic case; (b) the entrance plane of the object, polychromatic case; (c) the plane of the detector, monochromatic case; (d) the plane
of the detector, polychromatic case. Solid lines — point source on the optical axis of the system; dashed lines — point source shifted by 100 um down from

the optical axis.

lengths. Summation of the intensity profiles corresponding
to different wavelengths results in the appearance of the
contrast in the intensity profile shown in Fig. 8(d). Thus,
the first conclusion can be formulated as follows: a small
degree of polychromaticity in the source is not an obstacle
for observing the AB phase-contrast image but, on the con-
trary, is necessary in order to observe it.

4.2. Effect of finite source size (spatial coherence)

The second part of our discussion concerns the influence
of the source size on the image formation. To this end, each
plot in Fig. 8 presents two intensity profiles calculated for
different point source positions. The solid profiles corre-
spond to the point source at the optical axis of the imaging
setup while the dashed profiles are obtained for a point
source shifted by 100 pm from the optical axis. Compari-
son of these profiles in Fig. 8(a), corresponding to the en-
trance plane of the object, shows that a shift of the
source results in a corresponding shift of the intensity pro-
file by the same distance. A similar result is observed in the
image plane where the image of the shifted point source is
shifted by the same distance. More careful comparison of
profiles in Fig. 8(c) allows one to observe an additional
small peak in the profile obtained from the shifted source
which corresponds to the edge of the cylinder. Turning
our attention to the polychromatic case, it is clear from
Fig. §(b) that the intensity profiles for both non-shifted

and shifted polychromatic point sources are identical in
intensity value but different in spectral content. A shift of
the point source results in the corresponding ‘shift’ of the
wavelength band giving non-zero contribution into the
intensity distribution in the exit plane of the monochroma-
tor. This can be more clearly understood from the follow-
ing considerations. If we consider a fixed point on the
surface of the monochromator then the X-ray from the
transversely shifted point source will impinge upon the crys-
tal at an angle different from that of the X-ray from the
non-shifted point source. Therefore, if the exact diffraction
condition for a non-shifted point source is fulfilled for a
certain wavelength 4 then the exact diffraction condition
for a shifted point source will be fulfilled for a different
wavelength. As can be seen from Fig. 8(d), if the point
polychromatic source is shifted by 100 um from the optical
axis, the image intensity profile shifts in the ‘opposite’
direction by 5 pum, i.e. exactly by a (M — 1)-times smaller
distance, where the magnification M = zgp/z5o is equal to
the total source-to-detector distance zgp divided by the
source-to-object distance zgg. For results presented in
Fig. 8, zgp =42 m, z5o0 =40 m and so M = 1.05. Thus,
we can formulate our second conclusion as follows: each
point of the polychromatic spatially incoherent source pro-
duces an independent image which is a shifted version of
the image obtained with the polychromatic point source
located on the optical axis. If each point of the source has
the same spectral distribution then the spectral density
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function of the source can be factorized, S(xg,yp,4) =
S'(x0,0)S"(4), and the intensity distribution in the image
obtained with a finite incoherent source can be presented
as a convolution of the image obtained with the polychro-
matic point source located on the optical axis with the
rescaled intensity distribution function of the source

Iout(xay) = //dxo dyOS,(_(M_ 1)x0>_(M_ 1))/0)
xji)ut(x_x07y_y0;070)7 (16)

where [/out(xay; XO,J/O) = fd/ls/,(i)lout(x;y; X0, )05 }“)

The detailed theoretical analysis of the image formation
for the point polychromatic source is beyond the scope of
this paper and is studied separately in a forthcoming paper.

5. Conclusion

Both propagation-based and analyser-based phase-
contrast imaging systems may be unified into a single hy-
brid system which possesses certain strengths of each
modality considered separately. We have linearized the uni-
fied PBI/ABI problem under the assumption of a “weak
scatterer” and derived explicit analytical expressions for
the corresponding transfer functions. We have also shown
that, similarly to the case of PBI [28], the requirement for
phase variations in the transmitted beam to be small can
be replaced by the less restrictive requirement for the phase
to change slowly over a characteristic distance that is deter-
mined by the parameters of the crystal reflection and free-
space propagation. The obtained analytical expressions for
the transfer functions can be used for quantitative analysis
of the combined PBI/ABI image contrast. It can also be
used to solve the inverse problem of reconstruction of the
object-plane complex amplitude from collected image
intensities. This inverse problem often has to be solved as
a first step for quantitative analysis of the sample, i.e.,
the analysis of the distribution of its complex refractive in-
dex, e.g., by performing 3D computed tomography recon-
struction in the PBI/ABI regime. The solution to the same
inverse problem can also be used in order to improve the
spatial resolution beyond the limit determined in the direct
PBI/ABI regime by the width of the Fresnel diffraction
fringes and the crystal extinction length. Of course, other
resolution limiting factors, such as the finite detector reso-
lution, incident beam divergence, X-ray energy spread, etc.,
have to be taken into account as well. These factors, which
are relevant to realistic PBI/ABI experiments, will be ana-
lysed in more detail in future studies. In particular, the ana-
lytical expressions for the PBI/ABI transfer functions in
the case of partially coherent incident radiation will be
the subject of our immediate investigation. Finally, we pre-
sented a numerical example demonstrating a solution of an

inverse imaging problem in the PBI/ABI regime using the
obtained analytical expression for the transfer function.
This example has shown that an accurate reconstruction
of the spatial distribution of the projected thickness of a
weak homogeneous sample can be achieved by applying
the proposed formalism to a single PBI/ABI image.
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